Abstract. We call a group G nilpotently Jordan of class at most c (c ∈ N) if there exists a constant J ∈ Z + such that every finite subgroup H ≦ G contains a nilpotent subgroup K ≦ H of class at most c and index at most J. We show that the birational automorphism group of a d-dimensional variety over a field of characteristic zero is nilpotently Jordan of class at most (2d + 1).
Introduction
Definition 1. A group G is called Jordan, solvably Jordan or nilpotently Jordan of class at most c (c ∈ N) if there exists a constant J ∈ Z + such that every finite subgroup H ≦ G has a subgroup K ≦ H such that |H : K| ≦ J and K is Abelian, solvable or nilpotent of class at most c, respectively.
Theorem 2. The birational automorphism group of a d-dimensional variety over a field of characteristic zero is nilpotently Jordan of class at most (2d + 1).
Remark 3. It is enough to prove the theorem over the field of the complex numbers. Indeed, let K be a field of characteristic zero and X be a variety over K. We can fix a finitely generated field extension L 0 |Q and an L 0 -variety X 0 such that X ∼ = X 0 × L0 Spec K. Fix a field embedding L 0 ֒→ C and let X * ∼ = X 0 × L0 Spec C. For an arbitrary finite subgroup G ≦ Bir(X) we can find a finitely generated field extension L 1 |L 0 such that the elements of G can be defined as birational transformations over the field L 1 . Hence G ≦ Bir(X 1 ), where X 1 ∼ = X 0 × L0 Spec L 1 . We can extend the fixed field embedding L 0 ֒→ C to a field embedding L 1 ֒→ C. Therefore X * ∼ = X 0 × L0 Spec C ∼ = X 1 × L1 Spec C, and we can embed G to the birational automorphism group of the complex variety X * . As the birational class of the complex variety X * only depends on the birational class of the variety X, it is enough to examine complex varieties.
two-dimensional varieties. They found that the birational automorphism group of a curve or a surface is Jordan, save when the variety is birational to a direct product of an elliptic curve and the projective line. This later case was examined in [Za15] , where -based on calculations of D. Mumford-the author was able to conclude that the birational automorphism group contains Heisenberg p-groups for arbitrarily large prime numbers p. Hence it does not enjoy the Jordan property. In [PS14] and [PS16] Yu. Prokhorov and C. Shramov made important contributions to the subject using the arsenal of the Minimal Model Program and assuming the result of the Borisov-Alexeev-Borisov (BAB) conjecture (which has later been verified in the celebrated article [Bi16] of C. Birkar; for a survey paper on the work of C. Birkar and its connection to the Jordan property the interested reader can consult with [Ke19] ). Amongst many interesting results Yu. Prokhorov and C. Shramov proved that the birational automorphism group of a rationally connected variety and the birational automorphism group of a non-uniruled variety is Jordan. To answer a question of D. Allcock, they also introduced the concept of solvably Jordan groups, and showed that the birational automorphism group of an arbitrary variety is solvably Jordan. The landscape is strikingly similar in differential geometry. The techniques are fairly different, still the results converge to similar directions. In the followings we briefly review the history of the question of Jordan type properties of diffeomorphism groups of smooth compact real manifolds. (We note that there are many other interesting setups which were considered by differential geometers; for a very detailed account see the Introduction of [MR18] .) As mentioned in [MR18] , during the mid-nineties É. Ghys conjectured that the diffeomorphism group of a smooth compact real manifold is Jordan, and he proposed this problem in many of his talks ( [Gh97] ). The case of surfaces follows from the Riemann-Hurwitz formula (see [MR10] ), the case of 3-folds are more involved. In [Zi14] B. P. Zimmermann proved the conjecture for them using the geometrization of compact 3-folds (which follows from the work of W. P. Thurston and G. Perelman). I. Mundet i Riera also verified the conjecture for several interesting cases, like tori, projective spaces, homology spheres and manifolds without zero Euler characteristic ( [MR10] , [MR16] , [MR18] ). However, in 2014, B. Csikós, L. Pyber and E. Szabó found a counterexample ( [CPS14] ). Their construction was remarkably analogous to the one of Yu. G. Zarhin. They showed that if the manifold M is diffeomorphic to the direct product of the two-sphere and the two-torus or to the total space of any other smooth orientable two-sphere bundle over the two-torus, then the diffeomorphism group contains Heisenberg p-groups for arbitrary large prime numbers p. Hence Diff(M ) cannot be Jordan. As a consequence, É. Ghys improved on his previous conjecture and proposed the problem of showing that the diffeomorphism group of a compact real manifold is nilpotently Jordan ([Gh15]). As the first trace of evidence, I. Mundet i Riera and C. Saéz-Calvo showed that the diffeomorphism group of a 4-fold is nilpotently Jordan of class at most 2 ( [MRSC19] ). Their proof uses results form the classification theorem of finite simple groups. Motivated by these antecedents, in this article we investigate the nilpotenly Jordan property for birational automorphism groups of varieties.
The idea of the proof stems from the following picture. Let X be a complex variety. We can assume that X is smooth and projective. Let G ≦ Bir(X) be an arbitrary finite subgroup. Consider the MRC (maximally rationally connected) fibration φ : X Z (Theorem 8). Because of the functoriality of the MRC fibration, a birational G-action is induced on Z, making φ G-equivariant. After a smooth regularization (Lemma 10) we can assume that both X and Z are smooth and projective, G acts on them by regular automorphisms and φ is a G-equivariant morphism. Since the general fibres of φ are rationally connected, we can run a Gequivariant relative Minimal Model Program over Z on X (Theorem 11). It results a G-equivariant Mori fibre space ̺ : W → Y over Z.
We can understand the G-action on X by analyzing the G actions on ψ : Y → Z and on ̺ : W → Y . We will apply induction on the relative dimension d = dim X − dim Z to achieve this (Theorem 18). The inductive hypothesis will show us that H = Im(G → Aut C (Y )) has a bounded index nilpotent subgroup of class at most (2d − 1). To perform the inductive step, we will take a closer look at the Gaction on the generic fibre W η → Spec K(Y ). We will use two key ingredients. The first one is based on the boundedness of Fano varieties, and will allow us to embed G into the semilinear group GL(n, K(Y )) ⋊ Aut C (K(Y )), where n is bounded in terms of d (Proposition 12). The second one is a Jordan-type theorem on certain finite subgroups of a semilinear group (Theorem 13). Putting these together will finish the proof.
The article is organized in the following way. In Section 2 we recall the definition and some basic facts about nilpotent groups, we also recall the concept of the MRC fibration. In Section 3 we collect and prove results about finite birational group actions on varieties. In particular, it contains the regularization lemma (Lemma 10), the theorem on the G-equivariant MMP (Theorem 11) and the proposition about certain finite group actions on Fano varieties (Proposition 12). Section 4 deals with the proof of the Jordan-type theorem on semilinear groups (Theorem 13). Finally, in Section 5 we prove our main theorem.
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Preliminaries

Nilpotent groups.
We recall the definition of nilpotent groups and some of their basic properties. Remark 5. Note that Z 1 (G) is the centre of the group G. A non-trivial group G is 1-nilpotent if and only if it is Abelian. Nilpotency is the property between the Abelian and the solvable properties. The Abelian property implies nilpotency, while nilpotency implies solvability.
The following proposition describes the key feature of nilpotent groups. They can be built up by successive central extensions.
Proposition 6. Let G be a group and A ≦ Z(G) be a central subgroup of G. If G is the central extension of the groups A and H
where A → G is the natural inclusion and H is nilpotent of class at most c, then G is nilpotent of class at most (c + 1).
Remark 7. Typical examples of nilpotent groups are finite p-groups (where p is a prime number). If we restrict our attention to finite nilpotent groups, even more can be said. (Recall that a p-Sylow subgroup of a finite group is the largest p-group contained in the group.) A finite group is nilpotent if and only if it is the direct product of its p-Sylow subgroups (Theorem 6.12 in [CR62] ).
2.2. The maximally rationally connected fibration. We recall the concept of the maximally rationally connected fibration. For a detailed treatment see Chapter 4 of [Ko96] , for the non-uniruledness of the basis see Corollary 1.4 in [GHS03] .
Theorem 8. Let X be a smooth proper complex variety. The pair (Z, φ) is called the maximally rationally connected (MRC) fibration if
• Z is a complex variety, • φ : X Z is a dominant rational map, • there exist open subvarieties X 0 of X and Z 0 of Z such that φ descends to a proper morphism between them φ 0 : X 0 → Z 0 with rationally connected fibres, • if (W, ψ) is another pair satisfying the three properties above, then φ can be factorized through ψ. More precisely, there exists a rational map τ :
The MRC fibration exists and is unique up to birational equivalence. Moreover the basis Z is non-uniruled.
Finite group actions on varieties
In this section we introduce techniques which help us to solve partial cases of our problem and help us to build up the full solution from the special cases.
Yu. Prokhorov and C. Shramov proved the following theorem (Theorem 1.8 in [PS14] ). It will serve us as a starting point of an inductive argument.
Theorem 9. The birational automorphism group of a non-uniruled variety over an arbitrary field of characteristic zero is Jordan (in other words, it is nilpotently Jordan of class at most 1).
The next lemma is a slight extension of the well-known (smooth) regularization of finite group actions on varieties (Lemma-Definition 3.1. in [PS14] ).
Lemma 10. Let X and Z be complex varieties and φ : X Z be a rational map between them. Let G be a finite group which acts by birational automorphisms on X and Z in such a way that φ is G-equivariant. There exist smooth projective varieties X * and Z * with regular G-actions on them and a G-equivariant projective morphism φ * : X * → Z * such that X * is G-equivariantly birational to X, Z * is G-equivariantly birational to Z and φ * is G-equivariantly birational to φ. In other words, we have a G-equivariant commutative diagram.
be the field extension corresponding to the function fields of Z and X, induced by φ. Take the induced G-action on this field extension and let k(Z) G ≦ k(X) G be the field extension of the G-invariant elements. Consider a projective model of it, i.e. let X 1 and Z 1 be projective varieties such that
. By normalizing X 1 in the function field k(X) and Z 1 in the function field k(Z) we get projective varieties X 2 and Z 2 , moreover ̺ 1 induces a G-equivariant morphism ̺ 2 : X 2 → Z 2 between them. As the next step, we can take a G-equivariant resolution of singularities Z 2 → Z 2 . After replacing Z 2 by Z 2 and X 2 by the irreducible component of X 2 × Z2 Z 2 which dominates Z 2 , we can assume that Z 2 is smooth. Hence G-equivarianlty resolving the singularities of X 2 finishes the proof. Theorem 11. Let X and Z be smooth projective complex varieties such that dim Z < dim X. Let φ : X → Z be a dominant morphism between them with rationally connected general fibres. Let G be a finite group which acts by regular automorphisms on X and Z in such a way that φ is G-equivariant. We can run a G-equivariant minimal model program (MMP) on X relative to Z which results a Mori fibre space. In particular, the minimal model program gives a G-equivariant commutative diagram
where W is G-equivariantly birational to X, dim Y < dim X and the generic fibre of the morphism between W and Y is a Fano variety with (at worst) terminal singularities.
Proof. By Corollary 1.3.3 of [BCHM10] , we can run a relative MMP on φ : X → Z (which results a Mori fibre space) if the canonical divisor of X is not φ-pseudoeffective. It can be done equivariantly if we have finite group actions. (See Section 2.2 in [KM98] and Section 4 of [PS14] for further discussions on the topic.) By generic smoothness, a general fibre of φ is a smooth rationally connected projective complex variety. Therefore if x is a general closed point of a general fibre F , then there exists a free rational curve C x running through x, lying entirely in the fibre F (Theorem 1.9 of Chapter 4 in [Ko96] ). Since C x is a free rational curve C x .K X ≦ −2. Since the inequality holds for every general closed point of every general fibre, K X cannot be φ-pseudo-effective.
The lemmas and the theorems above open the door for us to use induction on the relative dimension of the MRC fibration while proving Theorem 2. So we only need to deal with Fano varieties of bounded dimensions.
Proposition 12. Let d be a natural number. There exists a constant n = n(d) ∈ N, only depending on d, with the following property. Let K be an arbitrary field of characteristic zero, and let F be an arbitrary Fano variety over K of dimension at most d with terminal singularities. Let G be an arbitrary finite group which acts faithfully on F by regular automorphisms of the Q-scheme F and acts on Spec K by regular automorphisms of the Q-scheme Spec K in such a way that the structure morphism F → Spec K is G-equivariant. Then G can be embedded into the semilinear group ΓL(n, K) ∼ = GL(n, K) ⋊ Aut K in such a way that G ֒→ ΓL(n, K) ։ Aut K corresponds to the G-action on Spec K.
Proof. Fix K, F and G with the properties described by the theorem. There exists a finitely generated field extension L 0 |Q and a Fano variety F 0 over L 0 such that F ∼ = F 0 × L0 Spec K. Consider an embedding of fields L 0 ֒→ C, and let F 1 ∼ = F 0 × L0 Spec C. Since complex Fano varieties with terminal singularities of bounded dimension form a bounded family (Theorem1.1 in [Bi16] ), there exist constants P = P (d), M = M (d) ∈ N, only depending on d, such that P -th power of the anticanonical divisor embeds F 1 to the M 1 -dimensional complex projective space, where M 1 ≦ M . Since the P -th power of the anticanonical divisor is defined over any field, this embedding is defined over any field, in particularly over K. So we have a closed embedding of the form F ֒→ P
. By the functorial property of a (fixed) power of the anticanonical divisor, an equivariant G-action is induced on the commutative diagram below.
is a closed embedding, the semilinear action of G on the vector space H 0 (X, −K P F ) is faithful. Hence G embeds to ΓL(H 0 (X, −K P F )). Clearly G → Aut K corresponds to the G-action on Spec K. Since the dimension of the vector space H 0 (X, −K P F ) is bounded in terms of d, we finished the proof.
Calculations in the general semilinear group
This section contains the group theoretic ingredient of the proof of the main theorem.
Theorem 13. Let n be a positive integer. Let F be the family of those finite groups G which have the following properties. There exists a field K of characteristic zero containing all roots of unity such that G is a subgroup of the semilinear group ΓL(n, K) ∼ = GL(n) ⋊ Aut K. Furthermore, the image of the composite group homomorphism G ֒→ ΓL(n, K) ։ Aut K, denoted by Γ, satisfies the properties below
• Γ fixes all roots of unity,
• Γ is nilpotent of class at most c (c ∈ N). There exists a constant C = C(n) ∈ Z + , only depending on n, such that every finite group G belonging to F contains a nilpotent subgroup H ≦ G with nilpotency class at most (c + 2) and with index at most C.
Before proving the theorem we recall a slightly strengthened version of Jordan's theorem.
Theorem 14. Let n be a positive integer. There exists a constant J = J(n) ∈ Z + , only depending on n, such that if a finite group G is a subgroup of a general linear group GL(n, K), where K is a field of characteristic zero, then G contains a characteristic Abelian subgroup A ≦ G of index at most J.
Remark 15. The only claim of the above theorem which does not follow immediately from Theorem 2.3 in [Br11] is that we require the Abelian subgroup of bounded index A ≦ G to be characteristic (i.e. invariant under all automorphisms of G) instead of being normal (i.e. invariant under the inner automorphisms of G). In the followings we will prove some lemmas which help us to deduce the above variant of the theorem from the one which can be found in [Br11] .
Lemma 16. Let n be a positive integer. There exists a constant m = m(n) ∈ Z + , only depending on n, such that if a finite group G is a subgroup of a general linear group GL(n, K), where K is a field of characteristic zero, then G can be generated by (at most) m elements.
Proof. It is enough to prove the lemma when K is algebraically closed, so we can assume it. By Theorem 2.3 in [Br11] , G contains a diagonalizable subgroup of bounded index. Since finite diagonal groups of GL(n, K) can be generated by (at most) n elements, the lemma follows.
Lemma 17. Let J and m be positive integers. There exists a constant L = L(m, J) ∈ N, only depending on m and J, such that if G is a finite group which can be generated by m elements, then G has at most L many subgroups of index J Proof. Fix an arbitrary finite group G which is generated by m elements. We can construct an injective map of sets from the set of index J subgroups of G to the set of group homomorphisms from G to the symmetric group of degree J. Since G can be generated by m elements the later set has boundedly many elements, hence the former set has boundedly many elements as well. So we only left with the task of constructing such an injective map. Let S be a set with J elements. We can identify the symmetric group of degree J, denoted by S J , with the symmetry group of the set S. Fix an arbitrary element x ∈ S. For every index J subgroup K ≦ G, fix a bijection µ K between the set of the left cosets of K and the set S, subject to the following condition, K is mapped to the fixed element x, i.e. µ K (K) = x. Let H ≦ G be an arbitrary subgroup of index J. G acts on the set of the left cosets of H by left multiplication. Using the bijection µ H , this induces a group homomorphism φ H : G → S J . The constructed assignment is injective as the stabilizator subgroup of x in the image group Im φ H uniquely determines H.
Proof of Theorem 14. Let K be an arbitrary field of characteristic zero, and let G be an arbitrary finite subgroup of GL(n, K). By Theorem 2.3 in [Br11] G contains an Abelian subgroup A ≦ G of index bounded by J 0 = J 0 (n). Consider the set S of the smallest index Abelian subgroups of G. By Lemma 16 and Lemma 17 there exists a constant L = L(n), only depending on n, such that S has at most L many elements. Take the intersection of the subgroups contained in S, it gives a characteristic Abelian subgroup of index at most J L 0 . Proof of Theorem 13. Let K be an arbitrary field of characteristic zero containing all roots of unity, and let G be an arbitrary finite subgroup of ΓL(n, K) belonging to F . Consider the short exact sequence of groups given by
where N = GL(n, K) ∩ G and Γ = Im(G → Aut K). By Theorem 14, N contains a characteristic Abelian subgroup of index bound by J = J(n) ∈ Z + . Since A is characteristic in N and N is normal in G, A is a normal subgroup of G. Consider the natural action of G on the vector space V = K n . Since A is a finite Abelian subgroup of GL(V ) and the ground field K contains all roots of unity, A decomposes V into common eigenspaces of its elements: V = V 1 ⊕ V 2 ⊕ ... ⊕ V r (r ≦ n). As A is normal in G, G respects this decomposition, i.e. G acts on the set of linear subspaces {V 1 , V 2 , ..., V r } by permutations. The kernel of this group action, denoted by G 1 , is a bounded index subgroup of G (indeed |G :
. To see this, notice that on an arbitrary fixed eigenspace V i (1 ≦ i ≦ r) A acts by scalar matrices in such a way that all scalars are drawn from the set of the roots of unity. Since G 1 leaves V i invariant by definition and Im(G 1 → Aut K) fixes all roots of unity, our claim follows. After replacing G with the bounded index subgroup G 1 , we can assume that A ≦ Z(G). As A is a central subgroup of G, we can consider the quotient group G = G/A. By Proposition 6, we only need to prove that G has a bounded index nilpotent subgroup of nilpotency class at most (c + 1). Let N = N/A, and consider the short exact sequence of groups 1 → N → G → Γ → 1. The number of elements of N is bounded by J(n), by the definition of A, and Γ is nilpotent of class at most c, by the definition of G. G acts on N by conjugation, and the kernel of this action is the centralizer group C G (N ) = {g ∈ G| ng = gn ∀n ∈ N }. Therefore G/ C G (N ) embeds into the automorphism group of N which has cardinality at most J!. Hence C G (N ) has bounded index in G. Hence after replacing G with C G (N ) (and N with N ∩C G (N )) we can assume that N is central in G. Now we can conclude the proof by noticing that G is an extension of the central subgroup N and the nilpotent group Γ whose nilpotency class is bounded by c.
Proof of the Main Theorem
Using the techniques developed in the previous sections, we will prove our main theorem.
Theorem 18. Fix a non-uniruled complex variety Z 0 . Let F Z0 be the collection of 5-tuples (X, Z, φ, G, d), where • X is a complex variety, • Z is a complex variety, which is birational to Z 0 , • φ : X Z is a dominant rational map such that there exist open subvarieties X 1 of X and Z 1 of Z such that φ descends to a morphism between them φ 1 : X 1 → Z 1 with rationally connected fibres, • G ≦ Bir(X) is a finite group of the birational automorphism group of X, which also acts by birational automorphisms on Z in such a way that φ is G-equivariant,
There exists a set of constants {J Z0 (d) ∈ Z + | d ∈ N}, only depending on the birational class of Z 0 , such that if the 5-tuple (X, Z, φ, G, d) belongs to F Z0 , then G has a nilpotent subgroup H ≦ G of nilpotency class at most (2d + 1) and index at most
Proof. We will apply induction on d. If d = 0, then X and Z 0 are birational, hence G ≦ Bir(Z 0 ) and the claim of the theorem follows from Theorem 9. So we can assume that d > 0 and the claim of the theorem holds if the relative dimension is strictly smaller than d. Let (X, Z, φ, G, d) be a 5-tuple belonging to F Z0 . After regularizing φ in the sense of Lemma 10, we may assume that X and Z are smooth projective varieties, G acts on them by regular automorphisms and φ is a G-equivariant (projective) morphism. Hence by Theorem 11, we can run a relative G-equivariant MMP on φ : X → Z. It results a G-equivariant commutative diagram
where ̺ : W → Y is a Mori fibre space and ψ : Y → Z is a dominant morphism with rationally connected general fibres (as so does φ). Let H be the image of G → Aut C (Y ), and let e be the relative dimension e = dim Y − dim Z. The 5-tuple (Y, Z, ψ, H, e) clearly belongs to F Z0 . Moreover, since e < d, we can use the inductive hypothesis. Let H 1 ≦ H be the nilpotent subgroup of nilpotency class at most (2e + 1) and index at most J Z0 (e). After replacing H with its bounded index subgroup H 1 (and G with the preimage of H 1 ), we can assume that H is nilpotent of class at most (2d − 1). Let η ∼ = Spec K(Y ) be the generic point of Y , and let W η be the generic fibre of ̺. Since ̺ : W → Y is a Mori fibre space, W η is a Fano variety over K(Y ) with (at worst) terminal singularities. Furthermore, G acts on the structure morphism W η → Spec K(Y ) equivariantly by scheme automorphisms. Hence we can apply Proposition 12, and we can embed G to ΓL(n, K(Y )) ∼ = GL(n, K(Y )) ⋊ Aut K(Y ) where n = n(d) only depends on d (since dim W η ≦ d). Moreover, the image group Γ = Im(G ֒→ ΓL(n, K(Y )) ։ Aut K(Y )) corresponds to the G-action on Spec K(Y ), therefore it corresponds to the H-action on Y . Hence Γ fixes all roots of unity, as Y is a complex variety, and Γ is nilpotent of class at most (2d − 1), as so does H. So we are in the position to apply Theorem 13 to the group G, which finishes the proof.
Proof of Theorem 2. Let X be a d-dimensional complex variety. We can assume that X is smooth and projective. Let G ≦ Bir(X) be an arbitrary finite subgroup of the birational automorphism group of X. Let φ : X Z be the MRC fibration, and let e = dim X − dim Z be the relative dimension. By the functoriality of the MRC fibration (Theorem 5.5 of Chapter 4 in [Ko96] ), G acts on the base Z by birational automorphisms making the rational map φ G-equivariant. Hence the 5-tuple (X, Z, φ, G, e) belongs to the collection F Z defined in the previous theorem. Therefore G has a nilpotent subgroup of class at most (2e + 1) and index at most J Z (e). Since e ≦ d, moreover the relative dimension e and the birational class of the base Z only depends on the birational class of X, the theorem follows.
